Abstract. We propose a block ILU factorization technique for block tridiagonal matrices that need not necessarily be M-matrices. The technique explores reduction by a coarse-vector restriction of the block size of the approximate Schur complements computed throughout the factorization process. Then on the basis of the Sherman-Morrison-Woodbury formula these are easily inverted. We prove the existence of the proposed factorization techniques in the case of (nonsymmetric, in general) M-matrices. For block tridiagonal matrices with positive definite symmetric part we show the existence of a limit version of the factorization (exact inverses of the reduced matrices are needed). The theory is illustrated with numerical tests.
Introduction
Consider a block tridiagonal M-matrix, or a block tridiagonal positive definite matrix, in both cases not necessarily symmetric, •■. ;
An-\ ,n-l An-Xn-X An-Xn V 0 ^«,n-l Ann I the blocks A¡j are of dimension n¡ x n¡, and also A¡j are assumed to be sparse. This paper deals with the construction of block ILU (incomplete or approximate LU) factorizations of sparse matrices of this form that typically arise in the finite difference or finite element discretization of second-order elliptic problems. There are already several block ILU techniques proposed in the literature, e.g., Kettler [15] , Axelsson, Brinkkemper, and Il'in [3] , Meurant [18] . General approaches were proposed in Conçus, Golub, and Meurant [10] ,
Axelsson [1] , see also Axelsson [2] , Axelsson and Polman [5] . These methods work extremely well for 2-D (two-dimensional) problems; they exhibit very good vectorization properties and reasonably fast convergence, see, e.g., Meurant [18] , Conçus, Golub, and Meurant [10] , Axelsson and Eijkhout [4] . However, for 3-D problems their performance (both for blocks corresponding to grid lines as well as to grid planes) is not as satisfactory, cf., e.g., Axelsson and Eijkhout [4] . There are recent developments in the construction of special approximations to the approximate Schur complements computed throughout the factorization process, cf. Axelsson and Polman [6] , Wittum [24] . For example, in Wittum [24] the method of deriving approximate inverses gives very accurate results but the cost is relatively high. Also the theory seems to be mostly applicable for 2-D problems.
The purpose of the present paper is to derive a new class of block ILU factorization methods on the basis of reduction of the block size by a "coarse-grid" restriction to derive better and inexpensive approximations of the successive Schur complements during the factorization process. Then the inverses of these Schur complements can be computed on the basis of the well-known ShermanMorrison-Woodbury formula (cf., e.g., Golub and van Loan [14] ). We consider approximations for the inverses of these approximate Schur complements based mostly on sparse approximate inverses of the blocks An of the original matrix A . However, approximations based on the sine transform, or approximations based on the probing technique studied in detail by Chan and Mathew [8] and used also by Keyes and Gropp [16] , Axelsson and Polman [6] and Wittum [24] , as well as certain polynomial approximations are possible as well. Most of these cases will not be considered here. Our major concern in the present paper is the derivation and the proof of the existence of the proposed approximate block factorization matrices.
Finally, we point out that the new method proposed in the present paper offers a potential for solving coupled systems of differential equations because it does not require the M-matrix property (or more generally, the H-matrix property, see Polman [19] and Kolotilina and Polman [17] ), which was a limitation for the earlier (block) ILU factorization methods.
The outline of the paper is as follows. Some preliminary facts are presented in §2. In §3 a general existence result is provided for generally nonsymmetric M-matrices for a specific choice of the restriction matrices needed for the reduction of the block size. The assumptions made in §3 are verified in §4. In §5 some approximations of the inverses of the approximate Schur complements (that are computed throughout the factorization process) based on their representation obtained using the Sherman-Morrison-Woodbury formula are discussed. In §6 the existence of the factorization in the limit case, i.e., when the exact inverses of the reduced Schur complements are used, for block tridiagonal matrices with positive definite symmetric part is proved. Finally in the last section the new method of block ILU matrices is illustrated by numerical examples for M-matrices resulting from model second-order elliptic problems for 2-D domains. The non-M-matrix case is considered in a forthcoming report.
Preliminaries
In this section we present the commonly used block ILU factorization technique (cf., e.g., Conçus, Golub, and Meurant [10] and Axelsson and Polman [5] ), and then we introduce our new method pointing out the main differences.
First we outline a general block ILU scheme. Let {An, Aij-X, A, j+x} belong to a class of sparse matrices with a simple structure (e.g., band, or with a fixed number of nonzero diagonals, etc.). The approximations X¡ = Approx( \Zi xj and Y¡ ' based on Approx2(«) may be the same. The role of Approxi(-) is to control a prespecified sparsity structure of the approximate Schur complements {Z,}, and the Approx2(«) is meant to either control a prescribed sparsity pattern of Y,, and hence make them easily factored or, if the blocks Y~x are explicitly formed, make their application to a vector easily computed. For example, in the case of a block tridiagonal matrix arising from the discretization of 2-D (two-dimensional) secondorder elliptic equations on a rectangular domain on a uniform mesh, using piecewise linear basis functions, the blocks {An} are (scalar) tridiagonal and the blocks A¡t¡-X, A¡-it¡ are diagonal. Then it is natural to keep the blocks {Z¡} banded. To achieve this, one can use for Approxi(-) various banded approximations of the inverses of the banded (by construction) approximate Schur complements {Z,}. For more details, cf., e.g., Conçus, Golub, and Meurant [10] , Axelsson and Polman [5] , or Vassilevski [21] , [22] . The motivation for banded approximations of {Z;-1} is that the inverses of band matrices have certain decay rate, cf., e.g., Demko, Moss, and Smith [11] , Vassilevski [21] . The decay rate is substantial if these band matrices are sufficiently diagonally dominant. This is the case for the blocks {An} of A in the particular example of 2-D second-order elliptic problems. The second approximation, Approx2(-) may be needed in a more general situation when the blocks 4/,,_i, A¡-X t¡ are sparse but not diagonal. Then, in general, these blocks create additional fill-in in {Zj} . That is why we may allow different approximations for the factorization process than in the computation of the final blocks {Y,} or {Y~x}. One possibility is to choose X¡ = Approxi (z~x J = banded approximation to Z~x, and Y¿ = Approx2 (Zi) = banded approximation to Zr For more difficult problems, like those arising in the discretization of 3-D (threedimensional) elliptic differential equations (including systems of differential equations), the approach of preserving certain sparsity patterns of the incomplete factorization matrix is not as clearly motivated. For more details concerning finite difference elliptic equations in 3-D, cf., e.g., Axelsson and Eijkhout [4] . More importantly, the incomplete factorization methods based on preserving certain sparsity patterns have proven existence basically only for M-matrices (or slightly more generally for H-matrices; see Polman [19] and Kolotilina and Polman [17] ), and this is not the case, e.g., for matrices arising in the finite element or finite difference discretization of coupled systems of elliptic partial differential equations or for higher-order finite elements for single elliptic equations.
We now present the new method. It can be written in the general approximate block factorization scheme already presented. Its first main idea is in the construction of the blocks {X¡} based on block-size reduction using certain restriction matrices. More precisely, let {R¡}"=x De a sequence of restriction matrices that transform a vector of the dimension of An to a lower-dimensional vector space, say, of a small (fixed) size m .
In the application to discretization matrices A, the reduction matrices {/?,-} have a natural meaning. They can be viewed as transformation matrices of a fine-grid vector to a coarse-grid vector. Here " Approx(-) " stands for an approximation to a given matrix. It is clear that Algorithm 1 is a particular case of the general block ILU scheme.
Note that Algorithm 1 resembles in some sense the multigrid method. The block Z, is first projected into a coarse space of smaller dimension (restriction) and then after finding an (approximate) inverse the result is taken back into a space of higher dimension (interpolation). However, this is performed only at the block level, similarly to the semicoarsening in multigrid, cf., e.g., Hackbusch [ 
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The second main idea is that since {Z,} are low-rank updates of {An} , one can construct approximation matrices {Y~1} on the basis of the expression of the exact inverses of {Z,} provided by the Sherman-Morrison-Woodbury formula (cf. Golub and van Loan [14, p. 51] ).
More precisely, we have (see §5 for a detailed derivation) Z-x=ATx+A-xAi^xR\.
Vpl-Ri^Ai.ijA^Aij-iRf4
We may have to further approximate AJ¡1 (e.g., in the case of 3-D elliptic difference equations) by some B¡¡1, and V~\ by Z,_i, since V¡-X = Approx (z~_\ ), thus obtaining Y-x=B-¡x+B¡¡xAi^xRll
That is, Y¡ = Approx2 (Z() is defined by the above representation of Y~x.
Note that Zj-X-Rí-XAí-XjB¡¡1Ajj-XRJ_1 is an mxm matrix, i.e., of low dimension and can be easily inverted or approximately inverted, and the latter gives other approximate inverses Y~l to Z,. This will be considered in more detail in §5. One limiting choice, for example, could be Y¡ = Z¡.
The purpose of constructing the approximate block factorization matrices C is to use them in a preconditioned conjugate gradient method. At every step of the iteration method one has to solve a system Cv = w, for some (residual) vector w. Since C is factored, the above system is solved in the usual forward and backward recurrences.
(i) Forward. Solve Note that solving systems with C involves only solving systems with the blocks Y j and matrix-vector products with the sparse matrices Aitj-X, A¡j+X. Note also that if the blocks B¡¡x were explicitly given and the blocks (Zi-1 -R¡-1Af-1,¡Bu Aij-XRi_yj were also explicitly computed, then the above solution process is based only on operations that are of the form vector-vector additions and matrix-vector products.
The objective of this paper is to study the existence of the above described block ILU factorization process. We also study the performance characteristics of the new method, depending upon the approximations of the inverses of the diagonal blocks An of A. We used sparse approximations B¡¡1 to A~x but many other choices are also possible.
Existence theory for M-matrices
In this section we present the existence theory for the block ILU factorization process outlined in the previous section.
We make the following assumptions. We assume that the original, in general, nonsymmetric matrix A is an M-matrix, i.e., the off-diagonal entries of A are nonpositive and A~x has nonnegative entries, cf. Varga [20] . Another equivalent definition of an M-matrix is that in addition to the nonpositiveness of the off-diagonal entries of A , there exists a positive vector c (i.e., with positive entries) such that Ac is also positive. We also assume that the restriction matrices R¡ have nonnegative entries. Finally, we make the following natural (for the applications) assumptions: Assumption (I). We assume that the "coarse" matrix 
Vo

R2°\
Rnl is also an M-matrix. G
We will also need the principal submatrices Ä^ of Ä given by
There is also a technical assumption for the restriction matrices {R¡}.
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The above assumptions hold, for example, in the case when A is a finite element matrix obtained from discretization of second-order self adjoint elliptic problems on right triangles and piecewise linear basis functions. For the restriction matrices R¡ in this case one can choose a piecewise constant restriction. A similar example can be obtained from cell-centered finite difference approximations of second-order elliptic problems, cf., e.g., Ewing, Lazarov, and Vassilevski [12] , and Vassilevski, Petrova, and Lazarov [23] . In §4 we, however, present a general choice of the restriction matrices {R¡} such that for any M-matrix A , also Ä and Â^ are M-matrices.
We specify now the algorithm of block ILU factorization. More precisely, in Algorithm 1 we restrict the class of matrices {V¡-x} to satisfy certain constraints which make sense for M-matrices. Namely, we have 
Approx2(Z,) or rather Y¡ ' will be
In practice, one can specify certain sparsity patterns of {^-1} by letting some of the entries of V¡-X be zero. When we do not have any restriction of the block size (i.e., when R¡ = /-the identity matrix), this algorithm reduces to the block ILU methods studied in Conçus, Golub, and Meurant [10] , Axelsson and Polman [5] .
Our first goal is to show that Z, and Z, are M-matrices and therefore the above choice of V¡_x justified; i.e., the block ILU factorization matrix C, (2.1), of A is well defined as long as the approximations Y¿ to Z, are invertible. In particular, if A is a symmetric and positive definite M-matrix, this will imply that the blocks Z, are positive definite (and symmetric) and hence the block ILU factorization matrix C is positive definite as long as the approximations Y¡ to Z, are positive definite. The non-M-matrix case will be considered in §6.
We next adopt the following convention. A matrix, or a vector, is called nonnegative if its entries are nonnegative. We say that the matrices W and G satisfy the inequality W >, >, <, or < G if this is true componentwise. The same relations we may use for vectors.
First, we show that Z, = RjZjRf are M-matrices. Next, we will need the matrices {À} from the exact block factorization of Ä ; namely, (3.6) i.e., We then show that (3.9) implies the desired result, i.e., that Z, is an Mmatrix.
First note that = Än -{nonnegative term}-The last is true because of the choice of V¡-X > 0, the assumption R¡>0, and since Atti-X < 0, A¡-Xt¡ < 0 as off-diagonal blocks of the M-matrix A .
Inequality (3.10) implies that Z, has nonpositive off-diagonal entries, since An has nonpositive off-diagonal entries (which are off-diagonal entries of Ä and the latter was assumed to be an M-matrix). Then inequality (3.9) suffices to guarantee the M-matrix property of Z, since D¡ is an M-matrix (as a Schur complement of Ä^l), which is an M-matrix as a principal submatrix of Ä ; see (3.8) ). The latter implies that there exists a positive vector c, such that Ac, > 0. Then (3.9) implies that Z,c, > 0, which together with the nonpositiveness of the off-diagonal entries of Z, shows the desired M-matrix property of Z,.
The M-matrix property of Z, and D¡ and (3.9) show that D~x (Z, -D¡) Z~x > 0, i.e., (3.11) D-x>Zrx.
We now prove (3.9) by induction. We have that (3.11) holds for i := i -1, i.e., we have D~xx > Z~}x, which follows from the induction assumption (3.9) for / := i -1 and its corollary that Z,_i is an M-matrix, which we already demonstrated. This also justifies the choice of V¡_x . Then using (3.11) (for i := i -1 ), the inequalities A¡t¡-X < 0, A¡-Xt¡ < 0, and the constraint on _i, we get Dj = An -Ai,,_ i />,_!, A¡,, _ i <A¡j -A¡ti-X Zj_ j j4j_i ) i <Än-Äij-XVi-XÄi-X>i = Zi, which completes the proof of (3.9) and the proof of the lemma as well. G Remark 1. Note that if V~x = Z¡, i = 1,2,..., n, then the last series of inequalities implies that À = Z¡ (for all i = 2,... ,n). In other words, V¡ = Z¡ x are the inverses of the Schur complements of the exact block factorization of the coarse matrix Ä; see (3.6) Remark 2. We remark that the above result is valid even if we do not have any reduction of the block size. In that case, R¡ = I-the identity matrix. And this is a known result already presented in Conçus, Golub, and Meurant [10] ; see also Axelsson [1] , [2] and Axelsson and Polman [5] .
Verification of Assumptions (I), (II)
In this section we verify Assumptions (I), (II) for a specific choice of the restriction matrices {/?,} in the case of a general block tridiagonal M-matrix A.
In this section, A can be any block matrix {A¡j} with blocks A¡j of size n¡ x n¡ for some integers «,. We assume that A is an M-matrix and also that there is an explicitly given positive vector Our next goal is to show that Â^^vt is a positive vector. This will imply that Â('+Xï is an M-matrix, since by construction its off-diagonal entries are nonpositive. This is seen from the fact that these off-diagonal entries are obtained by linear combinations of the off-diagonal entries of A which are nonpositive (A is an M-matrix) with coefficients from {/?,} which are nonnegative. Note also that {R¡} have block diagonal form.
We consider In the above we have used equality (4.6).
We note that j4(,+1)w > 0, i.e., we have strict inequality if Ax > 0. Thus, we can formulate the following result. The above assumptions can be relaxed as follows. In some cases it is possible to directly verify that the intermediate coarse matrices Â(l+X) are nonsingular. Then we can assume that (4.1) holds in a weaker form; namely, A\ >0 for a given positive vector v.
We next need the following auxiliary result for M-matrices. It can be proven following the lines from Theorem (2.3) (the section on semipositivity and diagonal dominance, p. 138) in the book of Berman and Plemmons [7] . Lemma 3. Let A = (a,,;)" ,=1 be nonsingular with nonpositive off-diagonal entries. Let also for some given positive vector v = (v¡), Av > 0. Then A is an M-matrix.
We can prove now the following result. Since A has a positive definite symmetric part then .i(i+1) = RART (see (4.5)) will be nonsingular if R is of full rank. This is the case for our restriction matrices for any choice of nonzero vectors y\', ...,▼« in (4.3). Note that R¡Rf are diagonal with positive entries on the main diagonal, hence RRT is invertible. Thus, RTz = 0 implies RRTz = 0 and hence z = 0. We also have that /á(,+1) admits LXL2 ■ ■ ■ D~x ■•■U2UX (i.e., standard Cholesky factorization) since it has positive definite symmetric part, which is seen from the identity ( 
4.7) i(,+1) + i</+1)r = R(A + AT)RT-
The factors L¡ (unit lower triangular) and £/, (unit upper triangular) have nonpositive off-diagonal entries since Â^,+ï^ has nonpositive off-diagonal entries. This shows that L¡ and U¡ are M-matrices. We also have that D > 0 (the diagonal matrix from the factorization of ^,+1' ) since A^^ is positive definite. Thus, we have that i(,+1'"' = U7XU7X •••£>• »Lj*L7x > 0, i.e., the M-matrix property of Â(-'+xs> is verified. G
Approximations of the Schur complements
In this section we derive some approximations Y~x to the inverses of the approximate Schur complements Z,, since the latter can be expensive to compute. Our main focus will be on approximations based on the exact representation of Z~x given by the Sherman-Morrison-Woodbury formula. We assume that A as well as the intermediate coarse matrices Â^+x^ (see (3. 3)) are M-matrices and that R, are nonnegative. We note that with Z), replaced by Z, or by Vi ' we obtain approximate block LU factorizations of Ä already studied in Conçus, Golub, and Meurant [10] and Axelsson [2] , Axelsson and Polman [5] . In practice it makes sense to factor Ä exactly if m , the dimension of the blocks D¡ , is reasonably small. We recall the formula for the blocks Z,, (3.4),
Note that Z, are not sparse matrices because of the factor Rj_x. That is why we cannot in general expect that Z, or Z~x can be well approximated by sparse matrices. However, as already mentioned, we can derive exact expressions for the inverse of Z, exploiting the fact that Ai,i-\R¡-XVi-XRi-XAi-X>i is a low-rank matrix. Then, using the Sherman-Morrison-Woodbury formula The last identity is our starting point for deriving approximations Y~x to Z~x.
Note first that V^x was intended as an approximation to Z~_\, hence it is natural to replace V~\ by Z,-_i. In the applications this makes some difference in storage, since Ä is sparse and Z¡-X is kept sparse (say, banded) by construction.
Next we can use Ai-XíiAu A¡j-X as an approximation to Ri-\Ai-X,iAji Aiti-XRi_x-Moreover, we may want to approximate A¡¡ by some sparse or readily available (in an algorithmic sense by its actions) matrix B¡¡x. In some of the applications, An is strictly diagonally dominant, hence A~x has a good decay rate behavior (for more details, cf., e.g., Demko, Moss, and Smith [11] or Vassilevski [21] ). For M-matrices it is natural then to assume that ü<Bñl<A-x, with most of the entries of B^1 being zero.
We summarize the approximations to Z~l : Approximation (1):
xRi-xAi-xjBj.
Approximation (2):
We recall that in order to solve the systems with the block ILU factorization matrix C, (2.1), we have to solve systems with the blocks Y¡, i.e., to solve systems of the form Y¡v¡ = w¡ or to compute v, = Y~xy/j. The expressions from the above approximations (1) and (2) for Y¡~x show that we need to be able to efficiently solve systems with B¡¡ when B¡¡ are computed, or to have the actions of B~¡x readily available. Finally, note that we also need the blocks
to be easily inverted (or factored). This is the case (for (5.2)), assuming that {Ri} are of the form (4.4), since ¿¡-X is kept sparse and if G¡ = B¡¡1 is a sparse approximation to A~x . For such approximations, see Conçus, Golub, and Meurant [10] , Axelsson, Brinkkemper, and II'in [3] , Axelsson [1] , and Vassilevski [21] for band matrices, and Demko, Moss, and Smith [11] and Vassilevski [22] for more general sparse matrices. However, for both approximations (1) and (2), when the dimension m of the blocks Z,_i is reasonably small, it may make sense to invert (or factor) the blocks (5.2) and (5.3) exactly. Another alternative for the second approximation is to further approximate Ä~x by some easier (for computations) matrix B~¡x, similarly to the approximation B~¡1 of A~x.
We summarize below the algorithm for the computation of the blocks { Y~l} based on approximation (1).
Algorithm 2 (Approximate block-factorization of A ).
(1) Factor the coarse matrix Ä: Zx = Âxx.
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one may be motivated to use the following approximation [/,-of T~x (see (5. 3)), " Ui = Vl + ViÄlJ+xVi+xÄl+Xt!Vi, since V¡ was intended as an approximation of Z~' and Z¡ was an approximation of the exact coarse Schur complement D¡. This approximation avoids step (3) of Algorithm 2 (or step (2) of Algorithm 3), i.e., the approximate inversion of r,, since the factors V¡ are already computed (see step (1) of Algorithm 2 and Algorithm 3). However, one action of Yf1 in this case is, in general, more expensive than in the previous cases when we had the blocks U¡ explicitly computed. G Next, we show that the above algorithm is well defined; namely, that the blocks r, defined by both (5.2) and (5.3) are M-matrices. For (5.2) this is the case under the assumption that (5.4) 0<B¡¡X<AJ¡X.
Note that the above inequality makes sense, since An is an M-matrix as a principal submatrix of A, which was assumed to be an M-matrix. The proof follows easily from the fact that (see (3.13) in the proof of Lemma 2)
is an M-matrix, and therefore its Schur complement Z,-1 -Rj-1A¡-1 ,¡A~¡ A¡!i-XRi_x is an M-matrix as well. Finally, using inequality (5.4), we get that Ti-i = Zj-X -Rí_xAí-XíB¡¡ Aii_xRi_x is an M-matrix. Then it is natural to assume that U¡-X satisfies 0 <[/,-,< T-_\. This is the case for the approximate inverses of banded matrices used in Conçus, Golub, and Meurant [10] , Axelsson [1] , Axelsson and Polman [5] , or Vassilevski [21] , [22] . is an M-matrix. Hence, T¡-X defined by (5.3) is an M-matrix as a Schur complement of the last matrix. We summarize the above results in the following theorem. 2) we have the additional requirement that the approximate inverses B~x of the blocks on the diagonal of A satisfy the inequality 0 < B~¡x < A~x. Also, T~x can be further approximated with sparse matrices or more generally by matrices U¡ that satisfy the inequality 0<U¡< T~x.
Proof. The last statement of the theorem follows from the fact that T~x > 0, and hence the inequality 0 < U, < T~x makes sense. G
Positive definite matrices
We now present the existence result for a limit case of the approximate block factorization method developed in the present paper for generally nonsymmetric block tridiagonal matrices that have positive definite symmetric part. The result is valid for arbitrary choice of full-rank restriction matrices {R¿} , see Algorithm 1'. We emphasize that here we do not need the M-matrix property. However, at this time we require that the blocks {Z,} are exactly inverted, i.e., V¡ = Z~x. The symmetric positive definite case will be studied in more detail in a forthcoming report (see some preliminary results in [9] ).
We are given the positive definite (i.e., with positive definite symmetric part) block tridiagonal matrix be the coarse matrix for some restriction matrices {R¡}"=1 . The {R¡} can be any full-rank matrices and therefore they are more general than those of §4. The full rank of {/?,} guarantees that Ä has positive definite symmetric part, which we will further refer to as positive definiteness. The approximate block factorization (or block ILU) process, which is a limit case of Algorithm 1' ( Vj_x = Z~_\ ), is described by the following algorithm: i.e., Yi = Z¡ (see (2.1) and the General Block ILU Scheme).
We now prove the main existence result. The existence of a symmetric tridiagonal matrix T such that its actions on given two vectors is the same as the actions of another symmetric matrix W on the same vectors is shown in Wittum [24] . We remark that in Wittum [24] the above two factorizations were used in a stationary iterative procedure (called smoothing-correction scheme), whereas we use them as an additive preconditioner in the CG method.
Finally, the third preconditioner tested was the one proposed in the present paper, namely, the approximate block factorization matrix C = Cxxx, (2. i.e., the (2p+ l)-banded CHOL approximation to AJX . These approximations are accurate since An , the blocks on the diagonal of A , are strictly diagonally dominant and hence A~x have good decay-rate behavior (cf., e.g., Demko, Moss, and Smith [11] , or Vassilevski [21] ). We varied also the semibandwidth p > 1 throughout the test. The coarse blocks computed throughout Algorithm 2 in the present test were inverted exactly (i.e., V¡ = Z7X ).
We solved the corresponding discrete problemŝ
by the preconditioned conjugate gradient method, using the above described preconditioners C. The initial iterate was x0 = C-'b.
Let ro = b -Axq be the initial residual, r the current one, and set Ao = r0rC-1r0, A = rrC-'r.
The stopping criterion was A<e = 10"18.
In Tables 1-9 we show the number of iterations, iter, required to achieve the -ts* 1 , the average reduction factor.
We see from Tables 1-2 that preconditioner Cm performed such that the number of iterations increased about linearly with ^ . This is clearly seen, as for a fixed m when n is doubled the number of iterations has also been (nearly) doubled.
The preconditioner Cm exhibited a quite robust performance with respect to discontinuous coefficients (see Problem 2) . Also, we see that if the blocks A~x were approximated accurately enough (in our case p = 4 was a good choice), the performance of the approximate preconditioner was close to the exact case. However, if the approximations of A~x were rough, then it did not pay off to choose a very fine coarse-vector space, i.e., an m close to n . This was the case for semibandwidth p = 1, see Tables 3-4. The new method showed better convergence results than the classical block ILU preconditioner Cx, see Tables 8-9 , and for ^ < 4 was competitive with Wittum's preconditioner Cxx, see Table 7 . This is of course only in terms of number of iterations and average reduction factors. On a particular computer one has to take into account the timings, which will crucially depend on the implementation and on the computer itself. To be more precise, we have to note that the preconditioner Cm has the most expensive inverse action (in terms of number of operations). The test should be seen only as a demonstration of the potential of the new preconditioner. We also note that it is directly applicable for matrices that arise in the discretization of 3-D elliptic partial differential equations. For Wittum's preconditioner it is not clear how to build the blocks {YJS)} of F(i) (whether they should be tridiagonal or not). It is also seen that the preconditioners Cx and Cm are vectorizable.
Finally we remark that at this point we have not explored various possible modification techniques in the factorization process similar to the MINV preconditioners studied by Conçus, Golub, and Meurant [10] . License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
